“ Q ;ie Pa‘r;s /w

Institut de Mécanique Céleste et de Calcul des Ephémérides

nternational ®
Celestial Mechanics

Co-orbital dynamics :
Tides and resonance chains

Jérémy Couturier “CELMEC VIl ) September 7, 2022 1/27



Introduction
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Co-orbital exoplanets are predicted by the formation models.
Two scenarii of formation (Laughlin and Chambers, 2002)

» Accretion in situ at the Lagrangian point of a giant planet
— maximum 0.6 Earth mass according to Beaugé et al. (2007).
— 5 to 15 Earth mass according to Lyra et al. (2009).

» Capture at the Lys_5 point of an already existing planet
— a high diversity of mass ratio (Cresswell and Nelson, 2008)
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Introduction
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As of September 2, 2022, 5159 detected exoplanets.
— But no co-orbital exoplanet.

Can tidal dissipation be the cause ?
— We build a secular model of tidal dissipation in the 1 : 1 planar MMR.
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The conservative dynamics
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Hamiltonian of the conservative problem

H = Hr (A1, A2) + Hp(A1, Ao, A, Ao, 1, 22, 21, D), (1)
2 3,2
8312

Hi(Ar,Ag) == QJA;. (2)
j=1 J

The semi-major axes stay close to a quantity denoted by a.

— Expansion in the neighbourhood of

= ( ’{, AE) ,  with A; = Mj\/ oG = Aj. (3)
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The conservative dynamics
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Averaging over the fast orbital frequency
» The dependency on A and s is lost.
» Dependency on £ = A1 — X2 only.

Expansion of H p over the eccentricities

Hp=> Moy where Hoy= > U, () XPXPXP'XI?.  (4)

n>0 |p|=2n
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Xj is close to the eccentricity vector

X; = ejexp(iwj) + (9(6;’). (5)

Hp is even in eccentricity — X; = 0 is a stable manifold of the
phase space.

What about the dynamics at zero eccentricity ?
We study the one-degree-of-freedom Hamiltonian H i + Hp(X; = 0).
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The conservative dynamics
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Phase space in the circular case
L4 and Ly are energy maximizers — L4 and Ls are tidally unstable.
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The conservative dynamics
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Figure: Position of m; with respect to ms. Tadpole orange orbits : &y = £45°.
Horseshoe-shaped black orbit : & = 10°.
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Tidal evolution
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Tidal potential (Kaula, 1964)

hGmi (R\* [ R;\°
V(r) = —/iéj)Tj (;) <T;> Py (cosS), ri"=ri(t—At).
Quality factor (MacDonald, 1964)
Q; ' (n) = tan(nAt;(n)) = nAt;(n). (6)
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Tidal evolution
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Egs. of motion are derived from a pseudo-Hamiltonian (dependency
on ¢t and on ¢t — At)

We define the dissipation rate !

R5
dissipation rate of planet j : ¢;/Q; = KQ = —LnAt;. (7)
We obtain an equation of the form !
%:F<%)7 X = t(w17w27J7J27§7X17X2)‘ (8)

! Couturier, Robutel & Correia, 2021
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Tidal evolution

I’.@vatm re

Linearization of the differential system
in the vicinity of its equilibria — Small perturbation of Ly & Ls.

Linear system .
X=(Q+Q1)X. (9)

Qp conservative part, Q1 dissipative part.

QOorl = ( i 0572) (10)

O25 =

— Even in the dissipative case, the dynamics on (X3, X3) is uncoupled
from the rest in the vicinity of the equilibrium.
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Tidal evolution
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In the absence of tides
Eigenvalues of Q, (Robutel & Pousse, 2013)

{anaoaiy7_iy7igl7i92}7 (11)
2 2
poyFmtme) 2Tt me) (g
4m0 8TTLO

All the eigenvalues are pure imaginary — Quasi-periodic motion
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Tidal evolution
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Wlth tldes

Eigenvalues of Qg + Q; (Couturier, Robutel & Correia, 2021)
{>‘17)‘2707>A75)\7AAL))\L}7 (13)

with (real parts are boxed and ¢ = (my + ma) /mp)

9
= *L_l (TTMQQ + mm) + v |:1 + 13L_1 (ml%—l— Tn2q1>:| s
2 my o My @ m

21 m m 20 m m
AL =|—— _1< O <3 +2(J1> + ig1 [1+L_2 <1Q2+QQ1)] ;
2 my Qo my Q 9 myo m

21_ q1 q2 15,_1
N =]t = .
L 5 <Q1+Q2) + i (1 + @)
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Tidal evolution
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Characteristic timescales of evolution of the co-orbital angle!

1 € z(1+ z(l+y)_
Tiib = o= ( y2) x (7%)‘16'5 (14)
T/ + @/Q2 1+ yx 1+ yz
with dissipati
t
p= M gng y = diSipation rate _ 2t (15)
mo dissipation rate; ¢ Q2

Time to horse-shoe shaped orbits

Ths = In (T;) Tiib (16)

where A is the initial angular distance to L4 5

! Couturier, Robutel & Correia, 2021
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Tidal evolution
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Co-orbital lifetime Tgest =~ Ths

For two co-orbital Earth-like planets initially 0.1° away from L, :

G 6.5 / my —3/2
The = 3.612 Gyr (7> o 17

hs Y'\0.04 AU — ’ (17)
Co-orbital pair s (Gyr) Co-orbital pair 7 (Gyr) Co-orbital pair Ths (Gyr)
Earth & Earth 3.612 Moon & Mars 28.48 Mars & Saturn 5.000
Earth & Moon 43.81 Moon & Jupiter 50.63  Jupiter & Jupiter 0.7214
Earth & Mars 5.552  Moon & lo 4.374  Jupiter & lo 2.072
Earth & Jupiter 3.567 Moon & Saturn 43.13  Jupiter & Saturn  0.04741
Earth & lo 2.085 Mars & Mars 5.892 lo & lo 2.072
Earth & Saturn 1.803  Mars & Jupiter 5.878 lo & Saturn 2.054
Moon & Moon 50.76  Mars & lo 2.250  Saturn & Saturn  0.03704

Table: Destruction time using tidal parameters of (Lainey, 2016).
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Numerical simulations

Top panel — Our model I’.@vato?re
Bottom panel — Full n-body problem

0 3 5 0 5 160 1% 0 100 2060 360 400
time (10° orbital periods)

Less than 1% error on time to horseshoe-shaped orbits.
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Resonance chainp:p:p+ 1
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First order MMR between the co-orbital pair and the third planet.

2/l = (p+1)/p (18)
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Resonance chainp:p:p+ 1
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The resonance chain p:p:p+1
The Hamiltonian contains angles of the form

—pM+(p+1)A3 or —pha+(p+1)A3
and terms of the form
ej cos (—pAj+ (p+ 1) A3 — w;) and ez cos (—pA; + (p+ 1) A3 — w3)
4 degrees of freedom associated with the angles

=M — X

o1 =-—pla+(p+1) A3 — w1
o2 =—pla+(p+1) A3 — @
o3 =—pl+(p+1) A3 — w3
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Resonance chainp:p:p+ 1
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The parameter § is related to a;/ag, that is, to n;/n3
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Resonance chainp:p:p+ 1
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-12

6 = AG/AGyir

Figure: Diffusion of the fundamental frequencies (Laskar, 1990).

— 1 :1 secular resonance between v and 3.
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Resonance chainp:p:p+ 1
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At the 1 : 1 secular resonance between v and v3 (that is, at
n1/ng =~ 2.07) — Linear stability
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Resonance chainp:p:p+ 1
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Resonance chainp:p:p+ 1

I’.@vatm re

360 = T
300 . -
240 5
180 g i
120 s

601w 3 -

Jérémy Couturier CELMEC VIII



Resonance chainp:p:p+ 1
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Resonance chainp:p:p+ 1
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Co-orbital exoplanets are always unstable under tides.

But they live long if :
» They orbit far away from the star — challenging detection
» The mass repartition is very inequal — challenging detection
» They are within the resonance chainp:p:p+1

This work gives an argument for the absence of co-orbital exoplanet
detection

Much more details in the associated papers :
» An analytical model for tidal evolution in co-orbital systems
10.1007/s10569-021-10032-w CM&DA
» Dynamics of co-orbital exoplanets in a first order resonance chain
with tidal dissipation 10.1051/0004-6361,/202243261 A&A

Thank you for your attention
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sets of equations |’.@vat0|re

~~the secular equations derived in this work:

il plot — A direct n-body model in cartesian coordinates.

d?ry p1 ro—ry ry fi £

dt® _ﬁr1+gm2<|fz—rl|3_>+51 mo

d21‘2 2 r| —ro r f f1

dtz 2r2+gm1 |I'1—1'2|3_7 E"‘i

d?0; (ri xfi) -k Ko, Gmg R? db; 2 dr;

- _ — _gl2iYMo b Ay e x B k|
dt? C; Oéimﬂ”,? dt Ti X dt >
fz _ _3'%271921(2)}215 :
r

RQ,igng? _ . dr; . o [ dO; _ dr;
3 10 At |2 | r; pr r;+7; o r; x k+ 5
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equations I’O@vatoire

B q . —
) J

+hiRj2Xj2)_(j2} ,
0 (7‘[0 + Ho + 7'[4)

J=— 5 +(1—68)J5 —68J2,
T It 2,
: BHK ~13 1y ¥ mo 13 1y ¥
f = — + 6 7731 V2 (Rl X1X1) — GQQ%RQ V2 (7—\’,2 XQXQ) s
X Yy EB (7—[2 + Haq)

m]' 8Xj

g Mo, _13 X; X 65 .

_ 3% T0p-13y. _ 2250;
’ Qm 7 7 {;ﬂ Ut R; <p4 )y
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